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)ptimal lower bounds for the spectrum of a second order linear differential

:quation with 'a p-integrable coefficient*)
y

1.J.M. Veling

\BSTRACT

In this note the differential expression M[y] = -y" + qy, q € LP(EU)
‘or some p 2 1, will be considered on [0,») together with the boundary con-
lition either y(0) = 0 or y'(0) = 0. Lower bounds will be given for the
;pectrum of the self-adjoint operators T generated by M[+] and these bounda-
'y conditions. The bounds depend on the LP-norm of the coefficient q and

‘hey improve results of Everitt and Eastham. For p > 1 the bounds are optimal.

EY WORDS & PHRASES: singular second order linear differential equationm,

Sturm-Liouville problem, lower bound spectrum

') This report will be submitted for publication elsewhere.




. INTRODUCTION

In this note new lower bounds for the spectrum of an operator T acting
n the Hilbert space L CR ) with complex—valued elements will be g1ven. The

perator Ta is generated by the differential expression M[-]

_ d
1.1) Myl =-y" +q on [0,), '=4,
vhere the real-valued coefficient q is element of LP(IS) for some p = 1. The

lomain of Ta is defined by

1.2) D(Ta) = {f [ f e LZ(Rf), f' is absolutely continuous on [0,X]
for all X > 0, M[f] € L2(]R+), f(0) cosa + £'(0) sino =0}

nd the operator Ta is defined by
1.3) Taf = M[f]l, £ € D(Ta)'

lany results concerning this type of differential operators are given in
'VERITT [2]. Because q € LP(EC), p=1, M[-] is in the limit-point case at
nfinity. So Ta is self-adjoint. Furthermore Ta is bounded below and there
.s a discrete (possibly empty) spectrum below zero, while the essential
jpectrum is the half-line [0,»). In [2] a lower bound for T0 in terms of the
P_norm of the coefficient q has been given. For p = 1,2 and « this bound
ras already well-known. In this note we improve the bound for T0 and give
. similar bound for Tﬂ/z. The proof is a combination of the technique of
wveritt and a less known result of Sz. NAGY [5].

The idea for this improvement arose form an inequality in ROSEN [4;

ippendix A]

1.4) { T|u|4'dx}% < 3—%{ T ul dx}B{ TI u' | dx}l, u e HY(R),

7ith equality for the choice u(x) = cl/cosh(cﬁ(x—cs)),.cl, c, # 0, cq

irbitrary constants. The author generalized this inequality to the cases




r-2

—

4r
|u'|2dx} » U € Hl(]R),

1 . r+2
r r -i'— 2 141‘
1.5) { f |ul dx} < K(r){ J [ul dxj {

=00 -

é"—‘-ﬂS

ith equality for the choice
-2
1.6) u(x) = cl{cosh(CZVr2-4 (x—c3))} r—2’

17 ©9 # 0, Cy arbitrary. The optimal constant reads

R(2) = 1,
6-r -2 r-6 2 —E:z
TAOT (=) 2r
.7 R(r) = 2 2% (r-2) T (r+2) 4T l_*_*r+2r-2 ] . ro> 2.
I r=2y)

fterwards it appeared that Sz. NAGY [5] had already a much more general

esult which is given below as a theorem.

HEOREM 1.1 (Sz. NAGY [51). Let y be absolutely continuous on R. Let for
>0 and s 2 1 the following integrals be finite

lyl? dx < =,

1.8 Iyl 4
) y q

ly'1® dx < .

TR
1.9) Iy'n®

]
I

hen the following inequalities hold for t = 1 + Egl q, r > g
1 q(s-1) 1
t\t st t
1.10) sup ly(x)| = ()~ Iyl Tyl -,
xeR 2 q s
g 3 ,(r=q) (=D, r—q
t t s-l,|rt r st o TE
1.11) Hyﬂr < [2 H(;:a, S )] “y"q Iy Hs R

here

= (u+tv)
1.12) H(u,v) = (&) LAYY)  yu,0) = HQO,v) = 1.

u_uP(u)v_vP(v)




Equality occurs in the following cases:
or (1.10), s = 1, |y(x)| monotonely increasing until x = Xg5
|y(x)| monotonely decreasing from x = Xg3
or (1.10), s > 1, y(x) = Clysq([c2X+c3l)’ c1scy # 0, gy arbitrary constants
md

o
IA
b

IA

s
'1.13) q < s, ysq(X) {(1+X)S—q,

o , x > 1,

v

1.14) q=5s, y_ (%) e X . X 0,
s

= (1+x)° 9,

~
el

~
|

1.15) qQ>s, y

v

0;

or (1.11), s =
or (1.11), q

|
—

, unless y

i

0 there is no equality;

v
n

> 1, y(x) = clysqr(lc2X+c31)’ c1scy # 0, cq arbitrary
ysqr(x) 18 the inverse function of

onstants and u
1
1.16) x=f dv 0<uc<l;

vty /e

or (1.11), s > q 21, y(x) = max(O,ySqr(x)) with ysqr(x) defined by (1.16).

EMARK 1.1. For q = s = 2, so that t = 2, (1.5), (1.6) and (1.7) are found.

EMARK 1.2. The form of the exponents can easily be found by applying the
caling transformations u(x) = au(Bx), with a,B arbitrary constants. See
1so LEVINE [3] for a discussion for some results concerning estimates of

he optimal constants in Ifl, n > 1, for this type of inequalities,
» RESULTS

In this section we formulate and prove our results for the operators

0 (Dirichlet boundary condition) and Tw/2 (Neumann boundary condition).

HEOREM 2.1. Let T, be defined by (1.1), (1.2), (1.3). Let q ¢ LP(R") for
ome p 2 1, and let q be real-valued. Then the following inequality holds




2p

. 2p-1 2
2.1 (Tf,B) 2 - 2 Mol PTG, £ e D(1y),

there (,) denotes the imner—product in L2(IU), Hq"p = {f: |q|P dx}l/p,
md

[ 2(1) = 1/4,
-2p_ _ _2p 2 2p=4 2
2,2) 4 2(p) = 2 ZP’IP ZP_I(ZP_I)ZP"I(P_I)ZP'IIP(%%F(p—l)] 2p-1
’ p-z)
__2p 3 2p-2 _ 4 2
L =27 P e P o1y P L (o) 7 2P 22y 1927,

ROOF. Integration by parts and application of the boundary condition yie
1" ] 2
2.3) (-£f",f) = If "2'

he estimate for p > 1 is obtained as follows. Using Holder's inequality

ind
2.4) (Tof£) = NE'02 + fq[flzdxz I£1i2 - J lql1£1? dx
0 0
© 1w 1
> Hf'ﬂg - {J lq|P dx}p{J |£128 dx}s,
0 0

here s is the conjugate index of p: s = p/(p-1). Application of (1.5) wi

= 2s and with £(x) = 0 for x < 0 gives

s+l s-1
2 2 s ]
1 - v
2.5) (Tof,f) > If H2 Hqﬂp K (zs)HfH2 I £ ﬂ2 .
y application of the inequality
P Q -1 -1 _
2.6) ab<a /P+b°/Q, a,b>0, 1 <P<owo, P +Q =1,

ith the choices




2.7) P = 2s/(s-1) = 2p; Q = 2s/(s+1) = 2p/(2p-1),
12 11
2
2.8) a =PIy = 2p)PIent),
1 2 1 2p—.
2.9) b=PpF KZ(ZS)HqHPHf“g - op?P x (2P yhal il

‘he following bound can be found:

2.10) (Tof,8) = - bY/Q
4s 2s _s-1
=—&Q@F”uﬁ”@—)s”ﬁ”wﬂ
4p _ Zp _2p
- {K( )}ZP Lapy 2P T 2p-1yl gt 2P igl

nserting (1.7) with

-

= 2p/(p-1) gives the result (2.2). For
ollows the same lines. We now use (1.10) with q=s=t=2, i.
2.6) with P=Q=2. [

REMARK 2.1. EVERITT [2] used instead of the optimal constant
s=1 1

value 225 = 22p and his result reads

2p

2p 1 2
(2.11) (Tof,f) -k(p) HqH Hsz ,
vhere

_2p=2 __7-L_
2p-1

(2.12) k(p) =2 P71 5 Pl gpyy,

[n the following table we compare the constants




1

P s r =28 2P K(2p/(p-i))

K(r) k(p) £(p)

N —
|
N

1 o o |22=1.414 1 1 2 = 0.250
1 -1 _82

2 2 4 |2%=1.18 3% =o.872 12723  -o0.750 2333 - .38
1 111 _A_6 JA_ 42

33/2 3 |2%=1.122 2%3%5 % = 0.001 |2 53 55 = 0.768 2 23 555 = 0.454

'HEOREM 2.2, Let Tﬂ/2 be defined by (1.1), (1.2), (1.3). Let q ¢ LP(IC)
‘or some p = 1, and let q be real-valued. Then the following inequality holds

2p
’ * 2-1 2
2,13) (T /pE,8) = = 2 (p) lql P Ils,
Yhere
2
2.14) 2%y = 227! 4(p).

’ROOF. For TO
ipplication of (1.5) with f(x) = 0, x < 0, we extend f as f(-x) = f(x),

as well as for In/Z equation (2.3) is wvalid. Instead of an

t 2 0. For symmetric functions £ (1.5) gives, r = 2,

© 1 ” r+2 = =2
2.15) {J |f|rdx}r < K*(r){J |f|2dx}4" {J [filzdx}‘/+r ,
0 0 0
there
LI . N ) =2
2.16)  K'(x) =2TF 4T AT gy 2 22T ey,

1
2p/ (p-1) K*(Zp/(p-l)) = 22PK(2p/(p—1)), which: has to be
raised to the power 4p/(2p-1) (see (2.10)). This gives the result (2.14).

'or the choice r




(EMARK 2,2. EASTHAM [1] has noticed that the estimates for T, given by

'VERITT [2] are also applicable for the operator Tn/Z' In vigw of the fact
hat

1
2.17)  K(2p/(p-1)) = (-1, < 1, p>1,

'see (1.12) for H(u,v)), because H(u,v) is a decreasing function in both

1
rariables, we find that K*(Zp/(p-l)) <2 /(2p)

‘hat E*(p) < k(p).

. But then Remark 2.1 implies

(EMARK 2,3. It is clear from the proof of Theorem 2.1 and 2.2 that the in-

:qualities in (2.1) and (2.13) can only be equalities if all three estimates

'2.4), (2.5) and (2.6) are equalities. In (2.4) this is so if q = - |q| and
RS N

2.18)  a=-c £, p>,

there c is an arbitrary positive constant. Equality in (2.5) is assured if

‘he eigenfunction belonging to the first eigenvalue of the operator T0 or

jﬂ/Z equals

2.19)  £(x) = feosh(ey e} P, s,

7ith ¢, # 0 and cqy arbitrary constants (see (1.6)). Equality in (2.6) is

issured if aP = bQ or

4p _ 1 2p
2.20) epien’ = {K(—z—iri—l-)}ZP—l(Zp) 2P"(2p-1)uqu§P“ufu§ .

‘t can be proved that (2.18) and (2.19) imply (2.20). From (2.19) it is
:lear that the estimate for TO can never be an equality, because f(0) # O,
yut since for ey = 0, £'(0) = 0, the estimates for T."/2 offer perspectives.
lelow we shall demonstrate that it is possible to achieve equality for
:n/2’ p > 1, and that the estimates for TO’ p > 1, are optimal in the sense
:hat the bounds for some special choices of q are arbitrarily close to the

!irst eigenvalue.




Using (2.18), (2.19) we find

+1 - p+l
- p(I—p)czzfp_ - clfp’1 .

o

—

(2.21) M£] = - (p—1)2c22f

For c; = p(p-1), c, = 1, cy = 0 f is an eigenfunction of the operator

Tﬂ/z. Since f does not possess any zero, it belongs to the lowest eigen-—
value Al = - (p-l)z. Making use of the identity
© 1
(- | TR
(2.22) J cosh (x)dx = Ay vl a >0,
rty
0 2
we find
_2p_
=2y 2p-1
* ] 2
2.23) -2 (p)u—p(p—l){cosh(.)} HP = ~-(p-1)".

t means that for T = Tn/2’ p > 1, the bound in this note can give equality.

For ¢, = p(p-1), c, = 1, cy = A and q defined by (2.18) the estimate

'2.1) for T0 gives for all f e D(TO)
2p_
2.24) (Tof,f)/(f,f) 2 2(p) —p(p—l){cosh(.—A)} | =

1 -1 r(p+z) -2pA

—4pA
Porpre ¢ T T

~(p-1)% (1-2%P~

A+m‘

't is also possible to give an upper bound for the first eigenvalue by

swvaluating the Rayleigh quotient (To?,E)/(%,E) with the choice

2.25)  F(x) = {cosh(x-A)} P - {cosh(a)}' Pe” (PTDXE,

0 f e D(TO). We now find




(2.26) (145, 5/ (D) < - (p'_l)z(l_er-(P-l)A + 0(e 2 DAYy

Ao,
where Kp is a positive constant, which depends on p only. So for T = TO’
p>1, it follows from (2,24) and (2.26) that the bound (2.1) comes arbi
trarily close to the first eigenvalue for the special choices of q by

letting A + ». In this sense the given bounds for T = TO, p > 1, are opt

REFERENCES

[1] EASTHAM, M.S.P., Semi-bounded Second-order Differential Operators,
Proc. Roy. Soc. Edinburgh Sect. A. 72 (1972/73) 9-16.

[2] EVERITT, W.N., On the Spectrum of a Second Order Linear Differentia
Equation with a p-integrable Coefficient, Applicable Anal. 2
(1972) 143-160.

[3] LEVINE, HOWARD A., An Estimate for the Best Constant in a Sobolev
Inequality Involving Three Integral Norms, Ann. Mat. Pura App
(4) 124 (1980) 181-197.

[4] ROSEN, GERALD, On the Fisher and the cubic-polynomial equations for
the propagation of species properties, Bull. Math. Biol. 42

(1980) 95-106.

- " . .
[5] Sz. NAGY, BELA, v., Uber Integralungleichungen zwischen einer Funkt
wnd ihrer Ableitung, Acta Sci. Math. (Szeged) 10 (1941) 64-74




| | | | ?%g i% § gg% | | | ‘ |






